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Developing a Comprehensive and Coherent Shape
Compactness Metric for Gerrymandering

Shipeng Sun

Department of Geography and Environmental Science, Hunter College, CUNY, and Earth and Environmental Sciences Program,
Graduate Center, CUNY

Measuring the form and structure of geographic landscapes is fundamental to understanding geospatial

phenomena and their dynamics. Shape compactness metrics have been extensively employed in

gerrymandering assessment, urban planning, landscape ecology, and other applications. Existing compactness

measurements for gerrymandering, however, target particular aspects of gerrymandered shapes such as

elongation, indentation, or dispersion without adequately integrating them with spatial context. This article

proposes a comprehensive shape compactness metric that coherently integrates these aspects. It first divides a

district into nonoverlapping maximum inscribed circles. Then Euclidean distances from the centers of these

circles to the district centroid are standardized and regulated using contextual and topological factors like

the distribution of attributes, the fixed upper level boundary, and the relationships with other districts.

Finally, these regulated distances are aggregated to produce a quantitative compactness measure that, unlike

most existing ones, features a threshold for gerrymandering identification and the coherent integration of

roundness, convexity, closeness, and spatial context. Applying the new metric to the U.S. Congressional

districts exemplifies its differences from existing metrics and also illustrates the necessity and value of

coherently combining multiple aspects of gerrymandering in a single shape compactness metric. Key Words:
compactness metric, gerrymandering assessment, spatial context.

Q
uantitatively measuring the form and struc-

ture of geographic landscapes is fundamental

to the study of geospatial phenomena and

their dynamics (Haines-Young and Chopping 1996;

Gustafson 1998). Various landscape and urban form

metrics such as fragmentation, segregation, centrality,

and contiguity have been widely employed in environ-

mental planning, landscape ecology, wildlife conserva-

tion, and urban studies (e.g., Burton 2002; Tsai 2005;

Frenkel and Ashkenazi 2008; Lowry and Lowry 2014).

Of these metrics, compactness is particularly useful for

the assessment of gerrymandering, which is the manip-

ulation of political boundaries to favor particular inter-

est groups (Forgette and Platt 2005; Crocker 2012;

McGann et al. 2016). Gerrymandering has a long his-

tory in U.S. politics and remains a fiercely fought issue

(Ballotpedia 2018; National Conference of State

Legislatures 2018). Although many guiding principles

exist for political (re)districting (Forgette and Platt

2005; Webster 2013), compactness has the most intui-

tive and direct relation to gerrymandering as the

Supreme Court of the United States (SCOTUS)

explicitly expressed that “the maintaining of compact,

contiguous districts” is an important state interest

(Karcher v. Daggett 1983). More than three dozen

compactness metrics had been developed for

gerrymandering based on perimeter-area ratios, circum-

scribed or inscribed circles, moments of inertia, and

shape bizarreness, among others (MacEachren 1985;

Niemi et al. 1990; Chambers and Miller 2010; Fryer

and Holden 2011; Chambers and Miller 2013;

Bernstein and Duchin 2017a). None of them, how-

ever, were formally adopted as legal standards in court

rulings due to various shortcomings (Young 1988).

Existing shape compactness metrics for

gerrymandering are almost exclusively based on the

vector model in geographic information systems.

These metrics operate on geometry alone (pure

shape measure) or the combination of geometry and

attributes (e.g., both the shape and the distribution

of population; MacEachren 1985; Young 1988;

Hofeller and Grofman 1990; Niemi et al. 1990;

Fryer and Holden 2011; Li et al. 2014).

Gerrymandering has a multitude of visual expressions

or characteristics, such as separation (loss of contigu-

ity), elongation (deviation from roundness), indenta-

tion and extrusion (inadequacy in convexity), and

dispersion (lack of closeness or proximity). Although
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existing shape-based gerrymandering metrics can col-

lectively address them all, few individual metrics

treat them as a whole. Instead, each metric targets

one or two aspects. Moreover, only a few metrics,

notably the “bizarreness” and the voter exchange

metrics, deal with spatial context such as the fixed

and immovable state boundaries that must be

excluded from the compactness measurement of

Congressional districts (Chambers and Miller 2010,

2013; Angel and Parent 2011).

To comprehensively address different characteris-

tics of gerrymandering, researchers applied correla-

tion analysis to identify the relationships among

various compactness measures and proposed superla-

tive “composite” metrics by strategically selecting

and combining multiple basic metrics (e.g.,

MacEachren 1985; Angel and Parent 2011; Lunday

2014). Although these basic metrics can depict the

entirety of gerrymandering when combined, such

exogenously integrated metrics do not provide a

cohesive and consistent measure for gerrymandering.

First, it is hard to choose the basic ones from those

highly correlated but different metrics. It is also diffi-

cult to determine the weights and combination

methods. Lunday (2014) developed a logical way to

perform such combination; however, it was based on

survey results using artificial and isolated shapes

without any spatial context. Second, composite met-

rics, like their bases, produce measures without cutoff

values, which can rank shapes but would not directly

identify gerrymandering. Third, existing metrics do

not integrate spatial context and topology well.

Even though Chambers and Miller (2010, 2013)

used path-based distance ratios to measure shape

bizarreness, their metrics are essentially measuring

convexity with no consideration of elongation and

dispersion. Overall, it is desirable to scrutinize exist-

ing compactness metrics and tightly integrate their

key components into a single comprehensive and

coherent metric for gerrymandering assessment. On

the one hand, the metric should reflect most and

ideally all characteristics of gerrymandered shapes.

On the other, it should not be a loose combination

of existing metrics but a well-integrated organic met-

ric that also considers spatial context.
In this article, I propose such a comprehensive

shape compactness metric by integrating roundness,

convexity, dispersion, and spatial context with

geometry and attributes. When this metric is applied

to a specific congressional district, the distribution of

population, its own boundary, the external con-

straints imposed by the state boundary, and the

topological relationships with other districts and

between the district subdivisions will be coherently

integrated to allow a more comprehensive

gerrymandering assessment. To compute the metric,

a series of spatially nonoverlapping maximum

inscribed circles (MICs) are first derived within the

district. Then the visibility graphs reflecting convex-

ity are constructed for the district and for the upper

level state. The standardized Euclidean distance

between every circle center and the district centroid

is calculated and further regulated by a scalar that

considers the context and topology. Like Chambers

and Miller (2010, 2013), the visibility graphs allow

for the calculation of the two shortest paths between

the circle and the district centroid within the dis-

trict and within its upper level state. The ratio of

these two shortest path lengths serves as a scalar to

the distance, which discounts its weight in the com-

pactness measure because districts with complex

shapes and unnecessary meanders have higher ratios.

When aggregated, these regulated distances reflect

well the compactness of the district with roundness,

convexity, dispersion, and external boundary being

factored in. The new metric is computationally

implemented in R. The examples of U.S.

Congressional districts illustrate its effectiveness and

differences from existing metrics.

Existing Compactness Metrics

Gerrymandering in the United States has primarily

two forms via two means: racial and partisan

gerrymandering by packing and diluting. Racial

gerrymandering is less an assessment issue than the

other in the legal system. The geometry-based or spa-

tial metric is just one approach for gerrymandering

assessment. The nonspatial approach, such as the par-

tisan bias and efficiency gap for partisan gerrymander-

ing, is based on election results and voter counts

(Grofman and King 2007; McGhee 2014;

Stephanopoulos and McGhee 2015; Bernstein and

Duchin 2017a). Although nonspatial gerrymandering

metrics are straightforward and directly tied to the

political consequences of redistricting, they have their

own flaws, because they ultimately imply that popular

votes should replace the electoral districting system

(Bernstein and Duchin 2017b; Chambers, Miller, and

Sobel 2019). Because gerrymandering is the
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manipulation of boundaries, it is not quite reasonable

to completely abandon the geometry-based approach

because shapes are more related to the root cause of

boundary manipulation than the symptom of gaps in

voter representation. This article is an effort to

improve and revitalize the shape compactness metrics

for gerrymandering assessment. The following review,

therefore, only focuses on the geometry-based ones.

Geometry-based shape metrics have been well

developed for a long time because of their funda-

mental role in computational geometry, cartography,

and spatial pattern analysis (Boyce and Clark 1964;

Frolov 1975; MacEachren 1985; Wentz 2010).

Specific definitions and computational methods are

widely available for spatial data in both raster and

vector formats (Haines-Young and Chopping 1996;

Gustafson 1998; Tsai 2005; Frenkel and Ashkenazi

2008; Lowry and Lowry 2014). Among publications

like Horn, Hampton, and Vandenberg (1993) and

Angel and Parent (2011), MacEachren (1985)

reviewed and quantitatively compared eleven com-

pactness metrics. He classified them into perimeter–

area measures, parameters of related circles, direct

comparison to standard shape, and dispersion of ele-

ments of area. Young (1988) reviewed eight and

Niemi et al. (1990) reviewed twenty-four compact-

ness metrics or “tests” specifically for gerrymander-

ing. To avoid a repeat, a concise synthesis of these

metrics is provided based on the vector data model

where all districts are polygons with one or multiple

rings. Consequently, a list of desired properties for

an ideal compactness metric is proposed with which

one can classify and assess different metrics.
First, many compactness metrics use a circle as the

reference shape because it is the most compact two-

dimensional geometry with the lowest perimeter–area

ratio (Angel, Parent, and Civco 2010). The reference

circle of a polygon has the same centroid and the

same area or perimeter as the polygon itself.

Compactness measures can then be calculated from

the deviation of a polygon from its reference circle.

As such, they are also known as shape roundness

measures. Related to this, the perimeter–area ratios

such as the shape index SI ¼ D
S in FRAGSTATS

can directly measure polygon compactness

(McGarigal, Cushman, and Ene 2012). The shape

index is not standardized and subject to scale, how-

ever. When the polygon is standardized and has unit

perimeter or unit area, the ratio of the area or perime-

ter of the original polygon to the reference circle can

be used as compactness measures. One example is the

popular Polsby–Popper test q1 ¼ 4pS
D2 (Polsby and

Popper 1991). It is the ratio of the polygon area to
that of the reference circle with equal perimeter.

Alternatively, q2 ¼ D
2
ffiffiffiffi
pS

p is a variant that represents

the ratio of the polygon perimeter to the perimeter of

the reference circle of equal area. Fractal dimension

frac ¼ 2ln D
4ð Þ

ln Sð Þ is also a metric based on logarithm-trans-

formed ratio of perimeter to area.
The second group of compactness measures are

based on the relationship between a polygon and its

coverage shapes, including the MIC, the minimum
circumscribed circle or hexagon, the reference circle,

and the minimum convex coverage polygon (Niemi
et al. 1990). Using the size ratios of these shapes can

produce various measures for compactness. For exam-

ple, the ratio of the polygon area to the minimum cir-

cumscribed circle, q3 ¼ S
Smcc

, also known as the Reock

index, represents how much a shape fills the minimum
circular area that contains the entire shape (Reock

1961). The more it fills that area, the higher its com-
pactness (Hofeller and Grofman 1990). Similarly, one

can use the ratio of the size of the MIC to the poly-

gon, q4 ¼ Smic
S , because a polygon is more compact if

its MIC fills a bigger area. The percentage of the

intersection of a polygon and its reference circle (or
equal land area circle) can also be used to measure

compactness (Angel and Parent 2011).
The third group uses the concept of moment of

inertia in physics and essentially measure the disper-
sion (the opposite of closeness and proximity) of

internal elements (Weaver and Hess 1963;

MacEachren 1985; Niemi et al. 1990; Li et al.
2014). Assume that a flat board is cut to fit a poly-

gon. The moment of inertia is then proportional to

the torque required to spin the board around its cen-
troid to a specific rotational speed within given

time. When a polygon has parts far away from the

centroid, such as a linear strip instead of a round
plate, its moment of inertia is bigger and the shape

is less compact because it is harder to accelerate the

strip to certain rotational speed than the plate; that
is, either taking greater force or longer time.

Computationally, the moment of inertia is the vari-

ance of the distances from all points, or the indefi-
nitely small areas, in the polygon to its centroid.

There are many variants of the standard moment of
inertia. For example, a metric could use the average

distance, instead of the variance of distances, from
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all points to the polygon centroid. Alternatively,

such distances could be between the centroid and

evenly spaced vertices on the polygon boundary as

opposed to all points inside the polygon (Boyce and

Clark 1964; Niemi et al. 1990). If a center or cen-

troid is not used, the relative distances among all

point pairs in a district can also be applied to mea-

sure its dispersion or closeness such as in the cohe-

sion index (Angel and Parent 2011).
The fourth group is based on the convexity or

indentation or extrusion of shape boundaries

(Chambers and Miller 2010, 2013; Hodge, Marshall,

and Patterson 2010). Taylor (1973) proposed a mea-

sure of convexity or indentation of district boundaries

based on the angles between adjacent boundary seg-

ments. Because a convex polygon always contains the

entire shortest path between any pair of points inside,

a partially contained path indicates indentation or

concavity. Some concavity results from the fixed state

boundary, however, and should be excluded from the

district measure. The bizarreness metrics proposed by

Chambers and Miller (2010, 2013), therefore, use the

aggregated ratios of the shortest paths between all

pairs of points in a district to the shortest paths in the

state boundary as an indicator of convexity.

Convexity is certainly an important feature of com-

pact shapes, which is a necessary but not sufficient

condition for compactness (Humphreys 2011; Lunday

2014). Specifically for the metric proposed by

Chambers and Miller (2010), it does not consider

elongation or dispersion at all and would produce the

equally highest compactness measure for all convex

geometries regardless of their shapes. An elongated

rectangular shape with a width–height ratio of 100,

for example, would be more “compact” than a star

with 100 tiny pointed bumps, which is at odds with

our perceptions. More significant, Humphreys (2011)

mathematically proved that convexity alone cannot

prevent gerrymandering and a small margin in the

popular vote allows winning all of the districts under

the condition of convexity. In other words, a com-

pactness metric based on convexity alone without

considering elongation and dispersion would not iden-

tify gerrymandering very well in theory.
Existing shape compactness metrics from these four

categories collectively provide a powerful benchmark

for the evaluation and comparison of gerrymandered

districts, although each of them has specific advan-

tages and shortcomings. After reviewing eight com-

pactness metrics, Young (1988) concluded that these

metrics alone could not be used as legal standards and

proposed five principles for their desired properties.

These principles are the availability of a threshold or

cutoff value for gerrymandering identification, applica-

bility to individual districts and the entire districting

plan, insensibility to the shapes of predetermined units

such as census tracts, uniformity in measuring districts

of different sizes like large rural and small urban dis-

tricts, and simplicity in concept, data requirement,

and computation.
Although these principles are from a valuable prac-

tical perspective, here I propose five additional princi-

ples that also consider geospatial computation.

Together, these ten principles can potentially serve as

a guideline for a metric’s suitability for gerrymandering

assessment and for the development of new metrics.

Independent of Data Scale or Resolution

The compactness metric should be insensitive to

the scale or resolution of the input data. These

include the level of detail in vector data, the cell or

pixel size of grid or raster data, and the granularity

of the attributes and subregions.

It is well known that measures of polygon perime-

ters and areas change with scale (Wong 2009). More

important, higher resolution spatial data with more

details almost always make perimeters longer but

their influence on areas is random. This is quite

clear from the commonly used point removal gener-

alization algorithms such as Douglas-Pecker and

effective area (Douglas and Peucker 1973;

Visvalingam and Whyatt 1993). When an interme-

diate vertex is removed from a line string or polygon

boundary during simplification or generalization, its

total length will be shorter per the triangle inequal-

ity theorem. The area, however, could be the same,

bigger, or smaller because the removed vertex could

lie on either side of the line or boundary. As a

result, the set of metrics based on perimeter–area

ratios could be influenced by such uneven impacts of

scale on perimeters and areas. By contrast, the met-

rics using coverage shapes, moments of inertia, and

convexity are more robust in this respect.

Inclusive of Geometry and Attributes

The metric should be applicable to geometry

alone and geometry plus attributes, where the attrib-

utes could be continuous densities or discrete counts.
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Although the shape compactness is a concept

based on geometry and is largely determined by the

coordinates of a polygon, it is often used to measure

the compactness of the spatial distribution of particu-

lar geographic features confined within the polygon.

The metrics that are directly derived from pure geom-

etry concepts like the perimeter–area ratios are diffi-

cult, if not impossible, to integrate attributes. Most

metrics in the coverage shape group also have diffi-

culties doing so, although some variants can use the

population covered by the inscribed circles, for exam-

ple, to integrate attributes. By contrast, the moment

of inertia can integrate attributes perfectly because

weights are one of its integral parts, both conceptually

and computationally, which has empirically shown

advantages over the perimeter–area ratio and cover-

age shape metrics (Fan et al. 2015). Similarly, path-

based convexity measures can integrate attributes as

well (Chambers and Miller 2010, 2013).

Conscious of Context and Constraints

The compactness metric must consider spatial

context and constraints because not all “bizarre”

shapes of legislative districts result from

gerrymandering. Instead, many of them are from spa-

tial context and constraints imposed by the external

boundary that no one can manipulate.
Real-world districts are not independent entities

isolated from their context but are interrelated with

constraints from external boundaries. This is particu-

larly critical in the assessment of political districting.

Congressional districts in the United States, for

example, must be contained in the states. When

using compactness to evaluate gerrymandering, the

impact of the state boundary should be excluded

from the measure because it is not the result of polit-

ical manipulation. Additionally, changing one dis-

trict in a state would inevitably change its neighbors

if the state has multiple seats. The path-based con-

vexity “bizarreness” metric has the capacity to inte-

grate such spatial context and constraints.

Indicative of Complexity and Comprehensiveness

Among others, separation, elongation, punctured-

ness, indentation and extrusion, dispersion, and

bizarreness are presented as characteristics of

gerrymandering (Taylor 1973; MacEachren 1985;

Hodge, Marshall, and Patterson 2010; Lunday 2014).

The metric should reflect these related but different

aspects of gerrymandered shapes.
Political (re)districting is a complex process, and

gerrymandered shapes have many different visual

expressions and characteristics. The majority of

existing compactness metrics only reflect particular

aspects of the phenomena. Although it is possible to

develop composite metrics to include all aspects by

combining some basic metrics, it is more desirable to

have a single coherently integrated and comprehen-

sive metric to factor them all in (Lunday 2014). The

related circles (reference circle, inscribed and cir-

cumscribed circles), dispersion of elements (moment

of inertia), and path-based convexity (spatial con-

text and topology) are particularly useful instruments

to achieve this (MacEachren 1985; Chambers and

Miller 2010; Hodge, Marshall, and Patterson 2010).

Consistent in Aggregation and Succession

The metric should be able to aggregate, in a con-

sistent manner, multiple districts within a higher

level unit over time. Such consistency would allow

comparison over time with changed numbers of dis-

tricts and between states.

Specifically for gerrymandering assessment, it is

important to compare a new redistricting map to his-

torical maps of the same state and to maps in other

states. When a state has only one seat in Congress,

its compactness is “perfect,” because the entire dis-

trict boundary is an external constraint without any

manipulation (Figure 1A). When the number of dis-

tricts changes after census enumeration, say, to

three, it is desirable to aggregate the three measure-

ments together and understand whether the new dis-

tricting map is less or more compact than before as a

whole. If these three districts have the most compact

form, the map overall should remain of the highest

compactness (Figure 1B). Of course, it is also helpful

to compare the overall compactness between states.

An ideal compactness metric, therefore, should be

integrable and be consistent after integration when

external boundary constraints are present. No exist-

ing shape compactness metrics seem to consider this

requirement, even though Young (1988) implied this

in his principle of applicability to individual districts

as well as to the entire districting plan.

As a summary, existing shape compactness metrics

can address gerrymandering assessment in various

capacities. Metrics derived from perimeter–area
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ratios are simple, straightforward, and easy to calcu-

late; however, they only consider geometry, not

attributes. Even for geometry, the perimeter and area

measurements could be unevenly influenced by input

data scale. Coverage shape–based compactness met-

rics are more robust and consistent over data scale

change, but they are also based on geometry and

attributes that are difficult to integrate. The disper-

sion-based moment of inertia makes it easy to com-

bine attributes and geometry in the measurement of

closeness. The path-based convexity measures also

consider spatial context and constraints, which is

critical for practical gerrymandering assessment. All

of these metrics address different aspects of gerry-

mandered shapes but without adequate and tight

integration, which is what the metric proposed in

this article aims to improve. The ultimate property

of the aggregational and historical consistency is cur-

rently only for theoretical exploration because it

would need the optimal districting with the highest

overall compactness as a baseline for standardization.

Such optimal districting, however, is difficult, if not

impossible, to derive; that is exactly why shape com-

pactness metrics are needed in the first place

(Alexeev and Mixon 2018; Kueng, Mixon, and

Villar 2019). Nevertheless, these five principles,

together with Young’s (1988) five, provide a practi-

cal guideline for the assessment and development of

shape compactness metrics for gerrymandering.

A Comprehensive Compactness Metric

Borrowing ideas from existing compactness met-

rics and combining the advantages of the coverage

shape, moment of inertia, and path-based convexity

methods already reviewed, this article proposes a

new comprehensive shape compactness metric that

integrates roundness (elongation), convexity (inden-

tation), closeness (dispersion), and spatial context

with geometry and attributes. The new metric fol-

lows a divide–connect–aggregate strategy. It first

divides a polygon into multiple subdivisions, then

connects them to the polygon centroid using visibil-

ity graphs, and finally aggregates them into a quanti-

tative compactness measure. It produces not only a

single measure for the polygon but also a cumulative

coverage curve. The curve offers a visual interpreta-

tion of the measure and simultaneously provides

additional information on the distribution of the

polygon’s subdivisions and associated attributes.

A Pathway to Developing a Comprehensive
Compactness Metric

As discussed in the previous section, a properly

designed comprehensive compactness metric for

gerrymandering assessment needs to consider geome-

try, attributes, and spatial context. To develop such

a metric, a practical pathway is to divide the mea-

sured polygon into smaller areal units, connect them

with graphs or networks, and then aggregate the

units as a quantitative measure. The pathway can be

represented by the following equations for continu-

ous and discrete cases, respectively.

hp ¼
ð
l
T p, lð Þdl ¼

ð
l
T W lð Þ,D l,Cp

� �
, S pð Þ

� �
dl

(1)

hp ¼
X
l

T p, lð Þ ¼
X
l

T W lð Þ,D l,Cp
� �

, S pð Þ
� �

,

(2)

where hp is the compactness of a polygon p, l is a

spatial unit in p, T is a general integration function,

W is a weight function, D is a distance function

between l and the polygon center Cp, S is a scaling

function, and the entire formula is an integral or

summation over all spatial units in p: This formula

allows the metric to include attributes (either con-

tinuous density or discrete counts through W lð Þ),
external constraints (posed by the boundaries of the

high-level spatial unit through S pð Þ), some form of

distances (normally from the units to the polygon

center as D l,Cp
� �

), and the relationships between

these units through the T function.

Figure 1. Compactness metric should be integrable and

consistent. When the number of districts goes up from (A) one

to (B) three, the metric should allow the integration of the three

districts. Their overall compactness measures should be equal

when both are in the most compact configuration.
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Obviously, Equations 1 and 2 are the most generic

form of a compactness metric with a core based on

the dispersion of elements recommended by

MacEachren (1985). One can vary its components,

including the basic spatial units, the center, the dis-

tance, the weight on each unit, and the method of

integrating distances and weights, to create multiple

compactness metrics. For example, the basic spatial

units could be infinitesimals (a nonzero area smaller

than any real quantity), census enumeration units

such as census tracks or blocks, cells or patches in a

raster data set, or socially recognized neighborhoods.

The center could be the center of the minimum

bounding box, the geometric centroid, or the attri-

bute-weighted centroid. Although Euclidean distan-

ces are easy to calculate, network distances based on

visibility graphs are another option for spatial con-

text integration (Chambers and Miller 2010). These

distances could be squared or just be simple distan-

ces. In the moment of inertia, for example, the spa-

tial unit is the infinitesimal and the distance is the

squared Euclidean distance to the polygon centroid.

As such, these equations offer a pathway or meta-

metric to integrating multiple features and spatial

context into compactness metrics with numerous

possibilities. The proposed compactness metric

described next, named the cumulative circle cover-

age metric, is following this pathway by specifying

the key elements in the general formula.

The Cumulative Circle Coverage Metric

First, the metric uses a series of spatially nonover-
lapping MICs completely contained in the measured
polygon as basic areal units (Figure 2). These circles
maximize their areas in the case of geometry alone
and their aggregate attributes in the case of geometry

plus attributes. Compared with other options, circles
are the most compact two-dimensional geometry,
and partitioning a polygon into circles maximizes
the capacity to capture the most compact and con-
tinuous cores. One drawback of using circles is that
a finite number of circles cannot completely fill a
common polygon. In two-dimensional space, only
triangles, squares, and hexagons can tessellate. Even
for these tessellation-compatible shapes, however,
general polygons might still require an infinite num-
ber of these shapes near the polygon boundaries
unless the directions of the boundary segments are at
specific angles of 60, 90, and 120 degrees. In other
words, whatever shapes one chooses, it would likely

require an infinite number of such shapes to
completely cover a polygon. Overall, using nonover-
lapping MICs is a sound choice for compactness
measurement, given the prospect that an exact or
approximate computational solution exists.

With the nonoverlapping maximized inscribed

circles being the basic spatial units, other elements

in the formula are relatively straightforward. The

center used in the new metric is the polygon

Figure 2. Partitioning (A) the 3rd North Carolina 114th Congressional district into (B) a series of nonoverlapping maximum inscribed

circles. An infinite number of such circles are needed to fill the polygon.
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centroid, either geometric or attribute weighted. The

weights for those MICs are the standardized areas or

aggregate attributes, the total of which is one. The

distance is Euclidean distance standardized by the

polygon radius (the radius of the circle that has the

same size as the polygon). It is then regulated by

multiplying the ratio of the internal path distance

(the shortest path on the visibility graph of the mea-

sured polygon, which is also the shortest distance

when the path is confined in the polygon) to the

external one (when it is confined in the upper level

polygon) as in Chambers and Miller (2010). A high

ratio means that the circle must wind through the

congressional district, for example, to reach the dis-

trict center, but can go relatively straight to the cen-

ter through the state boundary, which implies that

the district has some unnecessary meanders in its

shape, most likely from gerrymandering. Together,

these ratios reflect the influence of the upper level

external boundary and the relationships among other

districts (Figure 3). The final integral is the summa-
tion of the weighted, standardized, and regulated dis-
tances from all circular units to the polygon center.

The metric can be described in a mathematical

format. Suppose there are n spatially nonoverlapping
polygon shapes P ¼ pi, i ¼ 1, 2, 3, :::, nf g, whose
compactness values are to be calculated. These poly-

gons are all inside a higher level polygon Pe, which
imposes a hard, external constraint. Take the U.S.
Congressional districts as an example. P ¼ pif g are a

set of congressional districts in a state and Pe is the
state boundary. The centers, either geometric or
population-weighted centroids of P ¼ fpig,
are CP ¼ fCpig ¼ fciðxi, yiÞ, i ¼ 1, 2, 3, :::, ng:

The metric then uses a series of nonoverlapping

MICs to partition the polygon pi, where MICi ¼
flij ¼ micij, j ¼ 1, 2, 3, :::g: The weights for MICi are

Wi ¼ fwi
j, j ¼ 1, 2, 3, :::g, where wi

j ¼
Ð Ð

lij
q x, yð Þdxdy

and q is the density of interested attributes such as

population or eligible voters. A constant density, of
course, means geometry only. It can be standardized

for polygon pi as fw wi
j

� �
¼ wi

jP
wi
j

: The Euclidean dis-

tances from fmicijg to fcig are Di ¼ fdie�j, j ¼
1, 2, 3, :::g, which are regulated and standardized as

fd die�j
� �

¼ 1� die�j
rpi
� dpij

dPej
, in which dPej is the shortest

distance between fmicijg to fcig within the boundary

of Pe, and dpij is the shortest distance within the

polygon pi: Both distances can be derived using the
visibility path, which is essentially a network con-
necting polygon vertices and contains all possible
direct paths among them. Unlike the “bizarreness”

metric in Chambers and Miller (2010), where the
distance ratios take a power of infinity, the distance
ratios here keep the original form and are easy to

interpret. This distance is standardized using rpi , the

radius of the reference circle of polygon pi: As sug-
gested in Angel and Parent (2011) for the equal
land area circle, the reference circle used in this

metric only counts the part that lies within the
external boundary Pe (Figure 4). If a polygon pi has
a large section of perimeter being the upper level

unit boundary, its reference circle would be bigger
than the one without considering the exter-
nal constraint.

Taking all these together, the final compactness

metric is

Figure 3. (A) The 2nd North Carolina 114th Congressional

district. (B) Two different shortest visibility paths: one in the

state boundary and the other in the district boundary. If the path

in the state boundary is shorter than the one in the district, the

district tends to have more gerrymandering.
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hpi ¼
ð1
j¼1

fw wi
j

� �
fd die�j
� �

dlij

¼
ð1
j¼1

wi
jP
wi
j

1� die�j
rpi

dpij
dPej

 !
dlij

¼ 1�
ð1
j¼1

wi
jP
wi
j

die�j
rpi

dpij
dPej

dlij (3)

hpi ¼
X1
j¼1

fw wi
j

� �
fd die�j
� �

¼
X1
j¼1

wi
jP
wi
j

1� die�j
rpi

dpij
dPej

 !

¼ 1�
X1
j¼1

wi
jP
wi
j

die�j
rpi

dpij
dPej

:

(4)

The metric is obviously a unitless scalar. It has a

maximum value of one, which implies a shape of a

circle. Its lower bound depends on the polygon and
could be negative in cases where multiple subcenters

are far away from the centroid.
Because the proposed metric decomposes a poly-

gon into an infinite number of maximum nonover-

lapping circles, it is possible to construct a curve, as
opposed to a single numeric value, to delineate the

compactness of the polygon. This curve, which I

termed the cumulative circle coverage curve for

compactness (4C for C or 4CFC), is similar to the
cumulative distribution function in descriptive statis-

tics. In statistics, a cumulative probability function,

as well as histogram and density function, provides a
more detailed description of the distribution of a

data sample than a single quantitative measure like

mean, median, or variance. In the same fashion, the
cumulative coverage curve of a polygon also offers

additional information in terms of the spatial distri-

bution of its subdivisions and associated attributes.
The compactness metric formula can be rewritten

as hpi ¼ F wið Þ and its reverse function wi ¼
F�1 hpið Þ ¼ G fd die�k

� �� �
defines the curve. Graphically,

the cumulative curve (4CFC) can be plotted using a

series of points ðxik, yikÞ, k ¼ 1, 2, 3, ::: with yik ¼Pk
j¼1 fw wi

j

� �
and xik ¼ 1� fd die�k

� � ¼ die�j
rpi

dpej
dPij
: To com-

pute the curve, all of the circles must be sorted

descending using the scaled relative distances fd die�k
� �

:

Then their cumulative weights and corresponding
distances will determine the coordinates of the curve.

Essentially, 4CFC describes how quickly, in terms
of the visibility path-regulated distances to the poly-

gon center, those maximum nonoverlapping circles

fill the polygon. The curve must lie between zero
and one on the y-axis. It therefore is a pseudo-cumu-

lative density curve (Figure 5). For a round shape

polygon, the curve is simply a vertical line segment

from (0, 0) to (0, 1). When the polygon becomes
less compact, there will be more circles in the shape

that are far away from the center. The curve will

then go up slowly and the top part will be relatively
flat. Geometrically, the overall compactness is

hpi ¼ SB � SC, which is the difference between the

areas of the two regions of B and C. In other words,
the area of B positively contributes to the compact-

ness measure and affects C negatively. It can also be

interpreted as SB � SC ¼ SA þ SBð Þ � SA þ SCð Þ,

Figure 4. (A) The 3rd North Carolina 114th Congressional

district. (B) The radius of the district (or its reference circle)

should be conditioned by the state boundary in gerrymandering

assessment. The intersection of the reference circle and the state,

instead of the circle itself, must have the same area as

the district.

Developing a Comprehensive and Coherent Shape Compactness Metric for Gerrymandering 183



where SA þ SB is one and SA þ SC is a noncompact-

ness indicator of the polygon similar to the moment

of inertia. Because SA þ SB ¼ 1, the compactness of

the polygon is negatively associated with the area on

the left side of the curve (i.e., A [ C). In other

words, if the area on the left of the curve is smaller,

the polygon is more compact.
The one-dimensional 4CFC curve is theoretically

more informative than a single numeric compactness

measure, and it offers many possibilities for quantita-

tive analysis and comparison. Borrowing the quantile

concept from statistics, for instance, 4CFC can

numerically calculate a distance quantile for a spe-

cific percentage of area or population covered by

circles. For example, 0.50 quantile (i.e., median) of

0.64 means 50 percent of the statistical weights

(area or population) is covered by circles whose

standardized and regulated distances to the polygon

center are 0.64 or less. In theory, shapes with lower

quantiles are more compact than higher ones.

Depending on the applications, one or multiple

quantiles could be generated as alternative compact-

ness measures.

Computational Considerations

From the design of the metric, there are three

challenges that are computationally critical to the

calculation of the new metric and 4CFC. One is the

creation of the nonoverlapping MICs within a poly-

gon; another is to get the shortest visibility path

lengths between the circles and the polygon center

within the internal or external boundaries; and the

third is to deal with the infinite number of circles

for computation.
Although computationally costly, it is not difficult

to derive a series of MICs within polygons. This is

based on the mathematical theorem that the center

of the MIC must be on the medial axis of a polygon.

The medial axis can be computed using Delaunay

triangulation and the corresponding Voronoi edges

(Toussaint and Bhattacharya 1983; Attali and

Montanvert 1997; Fabbri, Estrozi, and Costa 2002).

Sun (2016) provided some practical implementa-

tion details.
It is also feasible to obtain the minimum visibility

path distance between the center of an inscribed cir-

cle and the center of the measured polygon with dif-

ferent boundaries. Essentially, this is to find the

minimum distance between two points within a

generic polygon, to which there are accurate and

approximate solutions. Both the accurate and

approximate solutions are based on visibility graphs

or networks constructed from the polygon. The accu-

rate algorithm is a classic in gaming, automation,

artificial intelligence, and computational geometry

that is often used for pathfinding within a boundary

(Guibas et al. 1987; Chazelle and Guibas 1989;

Ghosh and Mount 1991). A simpler but approximate

solution is to convert the polygon into a raster

model and then apply the standard least surface cost

path method such as in the R gdistance package

(Douglas 1994; van Etten 2017). Although this ras-

ter-based method only produces approximate results

and might be even slower than the accurate one, it

is easy to implement and has acceptable accuracy

when polygons are rasterized with high resolution

and the least cost path analysis uses sixteen direc-

tions from a center pixel to its neighbors. The actual

accuracy could be even higher because these shortest

path lengths are to be used in a ratio where system-

atic biases cancel each other from the numerator

and denominator.
The third challenge is the infinite number of

circles required to cover a general polygon, to which

a computational solution must be available to make

the proposed metric practical. Computationally, a

computer program can produce the MICs sequen-

tially until, say, 98 percent of the polygon is cov-

ered. For the 2 percent remaining, it is favorable to

use irregular polygons to approximate circles.

Because the base units are weighted, those approxi-

mations would have very small impacts on the final

Figure 5. The conceptual cumulative circle coverage curve. The

x-axis is the standardized and regulated Euclidean distance from

each circle center to the district centroid. The y-axis is the

cumulative weights of the circles by either area or attributes.

Circles are sorted in descending order by the distance.

184 Sun



measurement because their total weight is only 0.02.

Aggregating these small irregular polygons would not

be very different from aggregating a large number of

smaller circles. Additionally, if the attributes are dis-

crete and only present at certain locations as in the

case of residents, the calculation could continue

until all locations are included in the circles, which

would be an exact solution. In either case, it is feasi-

ble to derive a value practically equal to the com-

pactness measure as defined.
Overall, the proposed metric can be calculated

using existing algorithms, even though finding the

most efficient one remains a challenge. The R envi-

ronment and packages sf, sp, spatial, maptools, rgeos,
RTriangle, raster, and gdistance provide useful func-

tions to carry out the calculation. All results pre-

sented in this article are calculated using scripts

based on these R packages. The R scripts and docu-

mentation are available on GitHub at https://github.

com/SunCodeEarth/gerrymander.

Evaluation and Discussion

To evaluate its properties for gerrymandering

assessment, the new compactness metric is first com-

pared with four existing metrics using the 114th

U.S. Congressional districts of North Carolina.

These four metrics are from the four groups reviewed

earlier and represent the perimeter–area ratio, cover-

age shape, moment of inertia, and convexity

approaches, respectively. North Carolina is chosen

for illustration and comparison because it has one of

the most gerrymandered districting maps (Fan et al.

2015). Another reason is the diversity of the con-

gressional districts in North Carolina. For example,

some districts like the 3rd have long coastal lines;

some are relatively compact; and even those that

have visually identifiable gerrymanders, such as the

1st, 2nd, 4th, and 12th districts, show different char-

acteristics in terms of shapes and the spatial distribu-

tion of population (Figure 6). The 4CFC is then

plotted and discussed using some of the districts as

examples. Finally, the new metric is qualitatively

evaluated using the ten principles summa-

rized earlier.

General Comparison with Existing Metrics

First, all five of these metrics—the proposed one

and four existing ones—are applied to the thirteen

North Carolina congressional districts with geome-

try-only data; that is, to assume that all of the dis-

tricts have identical population densities (Figure 6).

Using geometry alone allows evaluating their proper-

ties as general shape compactness metrics. It is also

necessary to include the popular Polsby–Popper test

because it can only accommodate geometry data. For

the coverage shape approach, the ratio of the size of

the MIC to the polygon size is chosen because it is

among the few that can integrate attributes in this

category. The standard moment of inertia is also cal-

culated and scaled to a unit shape with a total mass

of one and a radius of one. Note that the moment

of inertia is a noncompactness measure and higher

values mean lower compactness. The path-based

“bizarreness” metric is computed using the formula

specified by Chambers and Miller (2010), which

excludes the impacts of state boundaries and meas-

ures convexity.

Although pure shape compactness measures are

informative for generic purposes, they are not partic-

ularly useful for gerrymandering assessment. Because

congressional districts are plotted based on the

decennial census population data, it is necessary to

compare these metrics with population. In this arti-

cle, all metrics use population at the block group

level. To facilitate efficient computation, these data

are processed and converted to points where each

point represents about 100 people (Figure 7). Point

data are easier to work with, particularly for spatial

overlay with other vector polygons. Although this

article assumes that these points are evenly distrib-

uted in each block group, it is not difficult, although

it is certainly time consuming, to apply land cover

data to more accurately assign population to residen-

tial land in block groups. Additionally, each point

can represent more or fewer people to balance repre-

sentational accuracy and computational efficiency.

Although these choices might numerically influence

the measurement, their impacts on metric assessment

and comparison are minimal because all metrics use

the same inputs and settings. Because the perimeter–

area ratio approach cannot use such population, the

Polsby–Popper test is excluded for this part of

the comparison.
The results from the thirteen congressional dis-

tricts from North Carolina well illustrate the proper-

ties of the newly proposed metric in comparison to

the four existing ones (Table 1). First of all, all four

metrics using geometry-only data produce low
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compactness measures for those long, thin districts
with little or no state boundary, specifically the 4th,

9th, and 12th districts (Figure 6). Such consistency
with each other and with expectation provides the
validation of the data processing and computational

implementation. Additionally, the original measures
from the moment of inertia and the new metric
have correlation coefficients of –0.933 (geometry

only) and –0.930 (geometry and population).
Considering the similarity of their definitions, these
correlations further verify the conceptual and com-
putational validity of the new metric. Although the

moment of inertia is highly correlated to the new
metric in values, their differences are still critical
and have significant impacts on the rankings of the

thirteen districts. The Kendall correlations, which
are based on ranked data, clearly show such differ-

ences because their values are only –0.462 (geometry
only) and –0.615 (geometry and population).
Although the new metric also uses path distance

ratios as in the path-based convexity bizarreness
metric, their correlations are 0.842 (geometry) and
0.574 (geometry and population), much smaller than

the moment of inertia. The correlations of their
rankings of district compactness are 0.795 and 0.513,
suggesting that the new metric has some fundamen-
tal differences from the bizarreness metric.

For the moment of inertia, path-based bizarreness,
and the new metric, the 4th, 9th, and 12th districts
are the least compact if only geometry is considered.

Figure 7. The 114th Congressional districts in the State of North Carolina with population. Each red dot represents about 100 people.

Figure 6. The 114th Congressional districts in the State of North Carolina. Lighter colors indicate higher compactness; darker colors

imply possible gerrymandering.
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According to the Polsby–Popper test, the 3rd district

is even less compact; however, that mainly results

from its long and winding coastlines, not boundary

manipulation, which clearly illustrates one shortcom-

ing of the perimeter–area ratio approach for

gerrymandering assessment. Although the coverage

shape measure of MIC ratio does not rank the 3rd

district the least compact one, it still gives a very

low measure on its compactness and ranks it the sec-

ond least compact one. By contrast, both the

moment of inertia and the new metric rank the 3rd

district the fourth least compact and the path-based

bizarreness ranks it fifth. The biggest difference

between the moment of inertia and the new metric

is the rankings of the 11th district. The moment of

inertia ranks it the eighth most compact district.

The southwest part of this district is confined by the

state boundary, however, and does not indicate as

much gerrymandering as the moment of inertia

implies. Because the new metric considers external

boundary constraints and uses the ratio of within-

district and within-state visibility path distances to

regulate Euclidean distances, it ranks it the most

compact one, which implies that the spatial context

of external boundaries has been integrated into the

metric. Because the path-based bizarreness also con-

siders fixed state boundaries, it ranks the 11th dis-

trict the fourth most compact district, between the

moment of inertia and the new metric.
When using both geometry and population to

compute compactness measures, the new metric is

context conscious (Table 1). Again, the moment of

inertia, path-based bizarreness, and the new metric

show consistency in identifying the least compact

districts, which are the 12th, 4th, and 1st districts.

The MIC ratio also gives low values for these three

but suggests that the 6th and 13th districts are less

compact than the 4th district. The next three least

compact districts are quite different for the moment

of inertia, path-based bizarreness, and the new met-

ric. The 10th, 8th, and 7th districts and the 3rd,

13th, and 2nd districts are the three down the list

according to moment of inertia and path-based

bizarreness, respectively. Yet, the new metric ranks

the 9th, 7th, and 3rd districts as the next three.

From Figure 7, the 10th and 8th districts have rela-

tively long state boundaries. The new metric, by tak-

ing such external constraints into consideration,

does not make these two less compact than the 7th.

In other words, the noncompactness of the 10th and

8th districts is partially from the state boundary, not

manipulation in political districting. The new metric

reflects this well in its measures, whereas the

moment of inertia does less so. Visually assessed, the

9th district has a high degree of gerrymandering, and

the new metric captures this with a ranking of ten

(the fourth least compact) instead of six (the eighth

least compact) from the moment of inertia and

seven (the seventh least compact) from the path-

based bizarreness method.

Furthermore, the case of the 2nd district illus-

trates how the new metric integrates topology but

differs from the moment of inertia and path-based

bizarreness. This district has a “tail” on the right

side and is equivalent to a long, narrow shape if it

were topologically “unfolded” (Figure 3). The

moment of inertia cannot handle such a situation,

however, and ranks it the most compact district

with geometry only and the fifth most compact with

geometry and population. By contrast, the new met-

ric ranks it third and seventh, respectively. To

explain how the new metric makes a difference in

this case, one can think of the extreme case of a lol-

lipop-like logarithmic spiral or the serpent case in

Young (1988). The Euclidean distances from the spi-

ral to the center are not long compared to a circle,

yet the shape is not compact in political districting

because it meanders through the upper level unit

without including the nearby territory, therefore

resembling a salamander. The new metric can scale

up these distances because the path connecting a

circle and its centroid along the spiral-shaped district

is much longer than through the state. The 2nd dis-

trict of North Carolina is exactly such a case, and

the new metric illustrates the necessity of integrating

topology to factor in such an impact.
Not surprising, the path-based bizarreness metric,

solely based on convexity, ranks the 2nd district

even less compact than the new metric. With geom-

etry only, it ranks it the seventh most compact dis-

trict, which is lower than the first and third from

the moment of inertia and the new metric, respec-

tively. When considering population, however, the

differences in its rankings are much smaller (five vs.

eight and seven). This is because the tail is relatively

small and has a lower population than the main

body of the district. Additionally, the appropriate

level that such concavity should be “penalized” is

unclear. Chambers and Miller (2010) used a power

of infinity to the ratios of the two shortest distances.
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If the shortest distance in the state boundary is less

than that in the district, it will be excluded from

the metric no matter how much shorter it is (a num-

ber less than one to the power of infinity is zero). If

the shortest path connecting two points within the

district is equal to the shortest path in the state,

they will have the same effect on the measurement

(one to the power of infinity is one) no matter how

large or small these distances themselves are. In this

regard, the binary inclusion or exclusion is more like

a qualitative convexity indicator instead of a quanti-

tative measure. In other words, the penalty to inden-

tation seems too much with a power of infinity in

that the weights of all convexity are one and all

concavity are zero. The new metric, by contrast,

keeps the basic shortest paths ratios with a power of

one and could more accurately reflect the degree of

indentation.

Overall, these three metrics identify the same

three least compact districts. For the fourth to sixth

least compact, the moment of inertia does not share

any common district with the path-based bizarreness

(10th, 8th, 7th vs. 3rd, 13th, 2nd). By contrast, the

new metric (9th, 7th, 3rd) shares the 7th district

with moment of inertia and the 3rd district with the

path-based bizarreness. The 9th district visually has

similar characteristics to the least compact 12th and

4th districts, which is also indicated by the geome-

try-only measures. This suggests that the new metric

integrates geometry and population well and also

reflects both aspects of dispersion and convexity as

in the moment of inertia and path-based bizarreness.

Coverage Circle Cumulative Curve

The strategy of divide–connect–aggregate adopted

by the new metric allows alternative quantitative

measures in addition to a single numeric value. The

metric can produce a 4CFC. The curve shows how

those MICs fill up the space. On one axis, the curve

shows the weights, either by size or by population;

on the other, it shows the relative distance to the

shape center. Here two groups of comparisons are

presented to illustrate these curves and to see how

they provide extra information (Figure 8). By defini-

tion, the overall compactness is the area on the left

side to the vertical line of one and under the curve

subtracting the area on the right side and above

the curve.

First, the districts with very different overall com-

pactness measures are also clearly differentiable from

the cumulative curves. For example, the 12th

Congressional district has a much lower curve and

the area on the left side of the curve (SA þ SCÞ is

much larger than the other three, or the area on the

bottom left part (below the curve and to the left of

line X¼ 1) is much less than the area on the upper

right (above the curve and to the right of X¼ 1).

This means that the 12th district is much less com-

pact than others and the circles in the 12th district

must move longer distances to fill up the long, nar-

row district. By contrast, those more compact dis-

tricts fill up space much more quickly when their

circles are bigger and closer to their centroids.
In addition to a visual interpretation, another

advantage of these curves is that they provide a

more detailed delineation in terms of the distribu-

tion of the circles, which represent the most com-

pact cores of the shape. There are various ways for

these circles to fill up districts. Some districts such

as the 3rd district have a half-C-shaped curve that

resembles the logarithmic function. These districts

often have a cluster of big and compact cores near

their centroids (Figure 9A), and smaller circles on

the periphery gradually fill out the remaining space.

As a result, their cumulative curves shoot up quickly

within a short distance but become flat near the top.

Most districts such as the 8th and 10th, however,

have S-shaped curves, where only small circles are

around the district centroids. Going outward there

are a few bigger cores, and then the smaller circles

are on the periphery (Figure 9B). This often implies

a multinuclei configuration, where main cohorts of

population are separated into a few clusters.
As such, dividing a polygon into a series of non-

overlapping MICs opens new possibilities, such as the

cumulative curve to examine compactness. By depict-

ing the distribution of the MICs within each district,

the curve provides more information than a single

overall compactness measure. Its geometry also has

specific meanings for the compactness metric and can

help interpret how the space or population distribu-

tion pattern contributes to the final measure. Parallel

to the cumulative density function in statistics, one

can also create histograms or density curves using the

distances and weights of these circles. Theoretically,

the moment of inertia approach can also apply similar

concepts, even though its computation might pose a

different challenge.
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Qualitative Evaluation and Discussion

For the new metric and the general pathway to

integrating spatial context and topology, it is neces-

sary to qualitatively scrutinize their properties using

the five principles suggested by Young (1988) and

the five proposed by this article. Such scrutiny can

potentially shed light on future research directions.
First, two of the five principles from Young (1988)

are no longer practically applicable with the advance-

ment of geographic information systems and computa-

tional techniques, and the other three still warrant

careful consideration. Specifically, all compactness

metrics should and could scale and standardize shapes

to unit sizes so that they would not “discriminate

between large rural and small urban districts.” With

the increasing availability of geocomputational soft-

ware packages and public spatial data, most compact-

ness metrics, if not all, hardly pose a serious data

requirement or geospatial computation challenge, even

though it is still desirable to keep compactness metrics

as simple as possible. In general, the inaccuracy and

inconvenience due to low-quality, low-resolution spa-

tial data and complicated geospatial computation are

not a concern nowadays.
Of the three remaining principles, the lack of a

threshold or cutoff value to identify gerrymanders

obviously plagues almost all existing compactness

metrics because they only offer measures in a compar-

ative sense without categorizing districts into gerry-

mandered or not. The new metric presented in this

article, however, seems to have the potential to claim

a natural cutoff value of zero. For the North Carolina

congressional districts, those with negative mea-

sures—the 1st, 4th, 9th, and 12th—have easily iden-

tifiable gerrymanders, whereas those with positive

measures are subject to debate. As such, the negative

and positive values from the new metric can distin-

guish gerrymandered districts from those that are not.

Specifically, a negative value implies that the total

population path distances are smaller inside than out-

side the ideal reference circle, which considers the

state boundary. In other words, the total path dis-

tance traveled by the population outside the reference

circle is greater than the distance traveled by those

inside the circle. Ideally, all of the population should

be inside that circle. With a negative measure, not

only are many outside that circle but their total travel

distance is longer than that for those inside the circle.

This implies that the gerrymandered district does

more harm than good with the reference circle being

the baseline. This is very similar to the 0.5 threshold

in the voter exchange index proposed by Angel and

Parent (2011), where more people living outside the

reference circle or equal land area circle than inside

it suggests gerrymandering. Even though this cutoff

value requires more rigorous mathematical analysis, it

clearly points to a promising direction of solving the

mssing threshold problem.

Young (1988) also suggested that the compactness

metric should be applicable to individual districts as

well as the districting map for the state as a whole,

which is similar to the aggregational consistency pro-

posed by this article. This principle is probably not

particularly useful in the real world because SCOTUS

once expressed that “statewide [gerrymandering]

claims are not justiciable” and courts should “consider

political gerrymandering challenges at individual-dis-

trict level” (Vieth v. Jubelirer 2004). Nevertheless, an

aggregate compactness measure for the entire state

can be derived using the mean or standard deviation

of the individual districts because the new metric is

Figure 8. Cumulative coverage circle curves for two groups of congressional districts in North Carolina.
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computationally regulated by the spatial boundary
and topology of the state and therefore has already
incorporated impacts from the entire state.

Additionally, the percentage of districts with nega-
tive measures can serve as an indicator of
gerrymandering at the state level.

Figure 9. The (A) 3rd and (B) 10th Congressional districts in North Carolina. Each inscribed circle covers maximum population. Red

circles are proportional to the populations covered by the inscribed circles.
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Another principle from Young (1988) is that the

metric should allow different predetermined spatial

units, but their shapes should not significantly influ-

ence the measurement. This principle is directly

related to political practices because the neighbor-

hoods of minorities should not be divided into multi-

ple voting blocs. Otherwise, their voting power will

be diluted, and they might lose their own representa-

tives. This principle, however, is not as simple as it

sounds. First, neighborhoods are often vaguely defined

and also in constant change (Rossiter, Wong, and

Delamater 2018). Manipulating the boundaries of

these neighborhoods, either for or against the inter-

ests of those minorities, is racial gerrymandering

(Durst 2018). Second, other spatial units like census

tracts change frequently as well, not to mention the

unfounded choice of census tracts instead of block

groups or blocks. Nevertheless, the general pathway

proposed in this article does allow using various poly-

gon-splitting methods. It is thus feasible to replace

those inscribed circles with census tracts, neighbor-

hoods, or other predetermined units for the compact-

ness computation.

Because the new metric was developed according

to the principles proposed in this article, it meets

the first four: independent of data scale or resolu-

tion, inclusive of geometry and attributes, integrative

of spatial context and topology, and indicative of

complexity and comprehensiveness. It still does not

meet the aggregational and historical consistency

principle, but such consistency likely requires the

availability of “optimal” districting, which is difficult

to achieve. Overall, the pathway and the new metric

proposed here, by integrating spatial context and

topology, make some moderate but promising pro-

gress to meet the five principles suggested by Young

(1988). More substantial efforts are undoubtedly

needed to make such shape compactness measures

legal standards in gerrymandering rulings.

Conclusion

This article presents a new comprehensive and

coherent compactness metric called cumulative cir-

cle coverage that integrates roundness, convexity,

dispersion, and spatial context with geometry and

attributes. Ideally, a compactness metric for

gerrymandering should tolerate varying data scales,

combine geometry and attributes, consider spatial

context and topology, reflect all characteristics of

gerrymandered shapes, and achieve aggregational

and successional consistency. It should also have a

threshold or cutoff value, apply to both individual

districts and the entire districting map, and accom-

modate predetermined spatial units (Young 1988).

Existing compactness metrics have achieved a few of

these desired properties but are particularly deficient

in offering a cutoff value and in integrating multiple

aspects of gerrymandering with spatial context. The

new metric coherently integrates elongation, inden-

tation, dispersion, and spatial context; suggests a

clear, explicable, and visually interpretable cutoff

value of zero; and moderately attains all desired

properties except the consistency in aggregation

and succession.
This article first proposes a general pathway to

developing a comprehensive shape compactness met-

ric, which is to divide a polygon into smaller units

and then aggregate them using graph-based spatial

structures. This pathway integrates useful compo-

nents from existing metrics. It is rather generic and

allows a series of compactness metrics. For example,

it permits the use of predetermined spatial units like

census tracts and minority neighborhoods. The

moment of inertia can also be refined using the

pathway by regulating distances with visibility path

ratios. In this sense, the new compactness metric is

just one specific application of the pathway and has

shown promising properties in comparison with

existing ones. Computationally, the new metric

decomposes a district into a series of nonoverlapping

inscribed circles that cover maximum areas or popu-

lations. Then, these circles are aggregated using the

weighted distances to the district centroid, which is

similar to the moment of inertia but with two criti-

cal variations. One is to integrate the spatial context

by considering the state boundary at the upper level

when calculating the radius of the reference circle

and standardizing the distances from the circles to

the district centroid (Angel and Parent 2011). The

other is to regulate the Euclidean distance using the

ratio of the internal visibility path distance to the

external one as suggested by Chambers and Miller

(2010). The visibility paths are based on the topo-

logical properties of the district and its upper level

unit. By regulating the Euclidean distances with

such ratios, the metric also integrates topology.
Comparison with four existing metrics illustrates

that the new metric has certain advantages.

Although it is consistent with the moment of inertia
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and path-based convexity bizarreness in identifying

the least compact congressional districts in North

Carolina, it gives higher compactness rankings to

districts that have a relatively long state boundary,

because gerrymandering assessment should exclude

the impacts from those fixed external boundaries. It

also ranks lower the district that has a “tail” that is

topologically equivalent to a long, narrow shape.

Furthermore, the new metric has a natural cutoff

value of zero, which is quite promising in terms of

solving the threshold problem in objectively claim-

ing gerrymanders. This threshold clearly identifies

four gerrymandered districts in North Carolina,

whereas other measures partially do. Additionally,

the discrete nonoverlapping circles help construct a

cumulative curve that provides a visual explanation

of the measure as well as extra information on the

spatial distribution of attributes. Overall, this new

shape compactness metric highlights the value and

necessity of integrating multiple gerrymandering

characteristics and spatial context through a divide–

connect–aggregate strategy using graph structures,

which hopefully inspires new thoughts and new

approaches that can lead to a legal compactness

standard in gerrymandering assessment.
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